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In this paper we present a gauge-invariant formalism for perturbations of the brane-world model
developed by the author, A. Ishibashi and O. Seto recently, and analyze the behavior of cosmological
perturbations in a spatially flat expanding universe realized as a boundary 3-brane in AdS5 in terms
of this formalism. For simplicity we restrict arguments to scalar perturbations. We show that
the behavior of cosmological perturbations on superhorizon scales in the brane-world model is the
same as that in the standard no-extradimension model, irrespective of the initial condition for bulk
perturbations, in the late stage when the cosmic expansion rate H is smaller than the inverse of the
bulk curvature scale ℓ. Further, we give rough estimates which indicate that in the early universe
when H is much larger than 1/ℓ, perturbations in these two models behave quite differently, and
the conservation of the Bardeen parameter does not hold for superhorizon perturbations in the
brane-world model.
I. INTRODUCTION
Recently, motivated by the S1/Z2 reduction of the M-theory and the hierarchy problem in particle physics, a
fascinating model was proposed by Randall and Sundrum, in which 4-dimensional Minkowski spacetime is realized as
a boundary 3-brane in the 5-dimensional anti-de Sitter spacetime [1]. The most surprising feature of this model is that
the 5-dimensional gravity is confined in the brane in the sense that the standard Newtonian law of gravity holds in
the non-relativistic limit on scales much larger than the bulk curvature scale ℓ, and the massive Kaluza-Klein modes
of gravitational waves decouple from the massless mode and their mode functions are suppressed near the brane.
After the paper by Randall and Sundrum, brane-world cosmology has been actively studied by many people, and
it has been shown that any spatially homogeneous and isotropic universe can be embedded as 3-brane in AdS5.
Further, in order to see whether the brane-world model can provide a new framework for cosmology consistent with
observations, formalisms to investigate behavior of perturbations in the brane-world model have been proposed by
various people [2–6]. In particular, the author developed with A. Ishibashi and O. Seto a complete gauge-invariant
formalism for perturbations in the brane-world model in which the Einstein equations for perturbations are reduced
to a single master equation with a boundary condition on a dynamical brane [7]. In the present paper, we first
briefly describe the main point of this formalism specialized to scalar perturbations, and then address the important
issue whether the behavior of scalar perturbations in the brane-world model is the same as that in the conventional
no-extradimension model.
II. GAUGE-INVARIANT FORMALISM OF PERTURBATIONS
In this section we give the gauge-invariant formalism for scalar perturbations in the (n+2)-dimensional brane-world
model in which the bulk spacetime (M, g¯MN ) is empty and its unperturbed background is given by AdS
n+2 with
the negative cosmological constant Λ = −n(n + 1)/(2ℓ2). The starting point is the Einstein equations for the bulk,
G¯MN + Λ¯g¯MN = 0, and Israel’s junction condition for Z2 symmetry at the n-brane Σ,
κ¯2T µν = 2(K
µ
ν −Kδ
µ
ν ), (1)
where κ¯2 is the gravitational constant for the bulk, T µν is the energy-momentum tensor of the brane, and K
µ
ν is the
extrinsic curvature of the brane.
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A. Unperturbed Background
We assume that the unperturbed configuration including the brane is invariant under the isometry group Gn
isomorphic to the symmetry group of the n-dimensional constant curvature space Kn, and that the the bulk manifold
Mn+2 is written as N 2×Kn, where N 2 is the 2-dimensional orbit space: Mn+2 = N 2×Kn ∋ (ya, xi) = (zM ). Under
this decomposition the bulk background metric takes the form
ds¯2 = g¯MNdz
MdzN = gab(y)dy
adyb + r2(y)dσ2n; (2)
where dσ2n is the metric of K
n with a constant curvature K.
The unperturbed structure of the brane is described by the Robertson-Walker metric ds2 = −dτ2 + a(τ)2dσ2n, and
the energy-momentum tensor Tττ = ρ, Tτi = 0, T
i
j = pδ
i
j . The embedding of this brane into the bulk background
spacetime is represented by functions ya(τ) such that a(τ) = r(y(τ)) and dτ2 = −gabdy
adyb. The junction condition
is expressed as
D⊥r
r
= −
κ¯2
2n
ρ, (n− 1)
D⊥r
r
−Kττ =
κ¯2
2
p, (3)
where D is the covariant derivative with respect to the metric gab(y) of N
2 and D⊥ = n
aDa with n
M being the unit
normal to Σ.
B. Bulk Perturbation
Since the unperturbed background has Gn symmetry, perturbations of the bulk geometry and those of the brane can
be decomposed into scalar-type, vector-type and tensor-type components with respect to the transformation behavior
under diffeomorphisms of Kn, and components of different types do not couple in the Einstein equations [8]. Further,
each component can be expanded in terms of the harmonic tensors of the same type on Kn. In particular, for the
scalar-type perturbation, the bulk metric perturbation hMN := δgMN is expressed in terms of the scalar harmonics S
defined by (△ˆ+ k2)S = 0, as
hab = fabS, hai = −rfaDˆiS, hij = 2r
2(R¯γijS+HT DˆiDˆjS), (4)
where Dˆ denotes the covariant derivative with respect to the metric dσ2n. We can construct two gauge-invariant
combinations from the expansion coefficients fab, fa, R¯ and HT as
F = R¯+
1
r
DarXa, Fab = fab +DaXb +DbXa, (5)
where Xa = rfa + r
2DaHT .
¿From the Einstein equations for the bulk we can show that these gauge-invariants are expressed as
rn−2F =
1
2n
(
−
2
ℓ2
)
Ω, rn−2Fab = DaDbΩ−
(
n− 1
n
−
n− 2
nℓ2
)
Ωgab, (6)
in terms of the master variable Ω satisfying the wave equation
Ω−
n
r
Dr ·DΩ−
(
k2 − nK
r2
−
n− 2
ℓ2
)
Ω = 0, (7)
where  = DaDa.
C. Brane Perturbation
The intrinsic metric perturbation δgµν of the brane can be expanded in terms of the harmonics as
δgττ = −2αS, δgτi = aβDˆiS, δgij = 2a
2(RSγij + hT DˆiDˆjSij), (8)
2
and the perturbation of the brane position is determined by nMδz
M = Z⊥S, from which we can construct a gauge-
invariant quantity Y⊥ := Z⊥−X⊥. The standard gauge-invariants for the intrinsic metric perturbation are expressed
in terms of the bulk gauge-invariants and Y⊥ as
Φ := R− a˙σg = F +
D⊥r
r
Y⊥, Ψ := α− (aσg)
. = −
1
2
F//// −K
τ
τ Y⊥, (9)
where σg := ah˙T − β and F//// = Fabu
aub with ua being the unit tangent vector y˙a of the brane.
The intrinsic matter perturbation of the brane is expanded as
δT ττ = −δρS, δT
τ
i = −a(ρ+ p)(v − β)DˆiS, δT
i
j
= δpSδij + πT
(
1
k2
DˆiDˆjS+
1
n
δijS
)
. (10)
We can construct the following three gauge-invariants from these perturbation variables other than the anisotropic
stress perturbation πT , which is gauge invariant by itself:
V := k(v − ah˙T ), ρ∆ := δρ− aρ˙(v − β), Γ := δp− c
2
sδρ. (11)
D. Junction Condition
By expressing the perturbation of the junction condition (1) in terms of the gauge-invariant quantities defined so
far, we obtain the following four equations:
κ¯2
k2 − nK
anρ∆ = −rD⊥
(
Ω
r
)
− 2an−2Y⊥, (12)
κ¯2
an−1
k
(ρ+ p)V = (D⊥Ω)
.
+Kττ Ω˙ + 2a
n−1
(
a−1Y⊥
).
, (13)
1
a
(aV ). =
k
a
Ψ+
k
a
Γ + c2sρ∆
ρ+ p
−
n− 1
n
k2 − nK
ak
πT
ρ+ p
, (14)
2
k2
a2
Y⊥ = κ¯
2πT . (15)
Among these, the first two give expressions for the intrinsic matter gauge-invariant variables ∆ and V in terms of
the bulk variable Ω and Y⊥. On the other hand, the rest give the boundary conditions on the latter, because the
anisotropic stress perturbation πT and the entropy perturbation Γ are not dynamical and are expressed in terms of
other dynamical variables when the matter model is specified. In particular, when the anisotropic stress perturbation
vanishes, they give the following boundary condition for the bulk master variable:
[
rD⊥
(
Ω
r
)]..
+ (2 + nc2s)
a˙
a
[
rD⊥
(
Ω
r
)].
+
{
−n(1 + w)(2n− 2 + nw)
(
D⊥r
r
)2
+ c2s
k2 − nK
a2
}[
rD⊥
(
Ω
r
)]
−(n− 1)(1 + w)
k2
a2
D⊥r
r
Ω = κ¯2an−2Γ. (16)
III. BEHAVIOR OF COSMOLOGICAL PERTURBATIONS
In this section we examine the behavior of scalar perturbations of the brane using the formalism presented in the
last section. We only consider the case n = 3 and πT = 0.
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A. Low Energy Region
If we put ρ = ρ0 + ρm where κ
2ρ0/6 = 1/ℓ
2 and κ2 = κ¯2/ℓ, in the low energy region for which ρm/ρ0 ≪ 1 and
kℓ/a≪ 1, the evolution equations of the brane universe are approximately given by
H2 :=
(
a˙
a
)2
≃
κ2
3
ρm −
K
a2
, ρ˙m = −3(1 + wm)ρmH, (17)
where wm = pm/ρm, and the junction condition is expressed as
− (k2 − 3K)aΓ ≃ (a3ρ∆)
..
+ (2 + 3c2s)H(a
3ρ∆)
.
+
[
−
3
2
(1 + wm)
(
H2 +
K
a2
)
+ c2s
k2 − 3K
a2
]
(a3ρ∆). (18)
These equations are the same as those for the standard model. Hence the density perturbation of the brane universe
in the low energy region behaves in the same way as that in the standard model. However, this does not immediately
imply that the same result holds for other quantities such as the curvature perturbation, because we do not have the
equations
κ2ρ∆ = 2a−2(k2 − 3K)Φ, Φ +Ψ = 0. (19)
B. Superhorizon Perturbations
For K = 0 (a spatially flat model) the general solution for Ω is given by
Ω(r, t) = 2l2r
∫
dω[A(ω)J0(mℓ/r) +B(ω)N0(mℓ/r)]e
−iωt, (20)
where ω2 = m2 + k2. By inserting this expression into the junction condition, we obtain the following estimates for
superhorizon perturbations with kℓ/aH ≪ 1 in the low energy region:
Φ ≃ −
2
π
∫
|ω|<M
dωB(ω)e−iωt, Z ≃
5 + 3wm
3(1 + wm)
Φ, (21)
Φ + Ψ ≃ O
(
h2
)
Φ,
a2
2k2
κ2ρ∆ =
(
1 + O
(
h2
))
Φ, (22)
where h = Hℓ, M is a constant of the order 1/t and Z := Φ − aHV/k is the Bardeen parameter. This together
with the previous argument on ∆ implies that for superhorizon modes in the low energy region the cosmological
perturbation of the brane universe behaves in the same way as that of the standard model with no extra-dimension
as far as the growing mode is concerned. This confirms the same conclusion obtained by Koyama and Soda [5] by
a cruder estimate in the Gaussian normal coordinates. Here note that B(ω) should have a δ-function type peak at
ω = 0 in order for Φ to approach a non-vanishing constant in the t→∞ limit. Further B(ω) should also have peaks
for the values of ω corresponding to the time t ∼ 1/ω at which wm changes.
In contrast, in the high energy region where h ≫ 1, we obtain the estimate Z = O
(
h2
)
Φ. Since Z and Φ become
constants of the same order for superhorizon perturbations in the standard models, this implies that the behavior of
perturbations in the brane-world model is quite different from that in the standard model in the high energy region.
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